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A Proof of Cauchy’s Integral Theorem 
L. FLATTO 
Belfer Graduate School of Science, Yeshiva University, New York, New York 10033 
AND 
0. SHISHA 
Mathematics Research Center, Naval Research Laboratory, Washington, D. C. 20375 
We give a simple proof of Cauchy’s integral theorem viewed, as usual, as 
the foundation of complex analysis. 
THEOREM. Let f be holomorphic in an open set D of the (finite) complex 
plane. Let c(t), cl(t) be complex functions, continuous and of bounded variation 
in [0, 11, mapping it into D, and satisfying c(0) = c(l), c,(O) = c,(l). Suppose 
that c can be deformed in D (as a loop) to c1 , namely, suppose there exists a 
complex function C(t, s), continuous in the square 0 < t < 1, 0 d s < 1, 
and mapping it into D such that 
C(O, 4 = C(1, 4, for every s E [0, 11, 
C(t, 0) = c(t), and co, 1) = m, for every t E [0, I]. 
Then 
In particular, tfc, is constant in [0, l] so that c can be deformed in D to apoint, 
then Jcf(z) dz = 0. 
Proof (I) We begin by assuming that f’ is continuous in D and that 
C(t, s) can be chosen so that its second order partial derivatives exist and are 
continuous at every point of [0, l] X [0, I]. 
For every s E [0, 11, let 
ICs) =Jlc(r.s) f(z) dz = j-olf(C(t, 4) dC(t, 4 = s,’ f (CO, s)) $ dt. 
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Then I(s) is continuous in [0, 11. We want to prove that I(0) = I(1); this will 
follow if we show that I’(s) = 0 for every s E (0, 1). 
But for every such s, 
I’(s) = j’ [f’(C(t, s>> g g + f(W, s)) g $+] df 
0 
= Jo1 [&mr, s,,] g dt + s,olIm 3)) g fg dt 
= [m. 9) q_, - 5,‘f(CO, SN $ $ dt 
+ jolf(C(r, s)) $ t$ dt = 0. 
(II) We drop now the assumption on C made in (I), but continue to 
assume f' is continuous in D. For n = 1,2,..., consider the Bernstein poly- 
nomial 
B,(t, s) = ,$ to c ($, %)( Y)( ;) ti(l - V-j sk(l - s)“-lc. 
Then [l, p. 122; or 2, p. 3271 B,(t, s) converges uniformly to C(t, s) in 
10, l] x [O, 11. As we easily see, there is an integer no > 1, and a compact 
subset Do of D containing C(t, s) and B,(t, s) whenever n Z no , 0 < t < 1, 
O<s<l. 
Observe that, for n = 1,2 ,..., 
B,(O, s) zz i. c (0, S)( ;t-) s”(1 - S)n-k 
= ~o+4(“k) sk(1 - q-k = B,(l, s). 
By part (I), for all n >, no, 
Set 
I,, = /Bncr,o,f(z) dz - j)(z) dz, n = no, no + 1, no + L.. (2) 
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Then for these n we have, using Riemann-Stieltjes integration by parts, 
+ r*Fy* I fm& 0)) - f(W, WI WC 01, . . 
where VC(t, 0) is the total variation of C(t, 0) in [0, 11. 
Now, for y1 = 1, 2 ,..., 
Il,(t, 0) = go c($ ) o)( ;,@(I - t)“-j 
is the (one-dimensional) nth order Bernstein polynomial of C(t, 0). Therefore, 
by a simple property of these polynomials [4, p. 231, 
IO1 ($ &,(t, 0) 1 dt = JQW, 0) d Wt, O), n = 1, 2,.... 
Hence, for n > n, , 
I In I G WC O@y I f’(z>l * &yl I &(C 0) - w, O>l 
+ 02F& I fuw, 0) - f(W, WI1 + 0, 
as 12 + 00 because of the uniform continuity off on Do . So, by (2), 
I B (t o) f(z) dz -j- f(z) dz. n . c 
In the same way, 
s B (t 1) f(z) dz - j-, f(z) dz- n . 
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Hence, by (11, 
(III) Finally, the theorem under the additional hypothesis of continuity 
off’ in D readily implies the theorem without this restriction, as has been 
observed in the literature. For the restricted theorem implies, in the usual 
way, Cauchy’s integral formula in, say, the form: If F’(z) is continuous in an 
open set E 3 zO, if k(t) (with k(0) = k(1)) is a function, continuous and of 
bounded variation in [O, I], mapping it into E - {z,,}, and if, for some 6 > 0, 
k can be deformed in E - {z,,} (as a loop) to every k, , 0 < r < 6, where 
then 
k,(t) = z. + reznit , O<t<l, 
F(z,) = (274-l 1 F(z)(z - z&l dz. 
The last representation implies, in the usual manner, that a complex function 
possessing a continuous derivative throughout an open set has everywhere 
there derivatives of all orders. One proves also, say, by the usual method of 
bisection, that if F has a (finite) derivative at every point on or within a 
triangle r, then Jr F(z) dz = 0. Suppose now that a function F is holomorphic 
in a disk ] z - a / < r. The last result implies, by the standard argument, 
that F has there a primitive, namely JLz F(u) du, where L,(t) = a + t(z - a), 
0 < t < 1. This primitive, having a continuous derivative throughout the 
disk, has everywhere there derivatives of all orders; therefore, so does F. 
Hence, being holomorphic in an open set implies having everywhere there 
derivatives of all orders and, in particular, having there a continuous first 
derivative. Consequently, Cauchy’s integral theorem holds in its unrestricted 
form, and similarly in Cauchy’s integral formula the requirement hat F’ be 
continuous need not be explicitly made. We proved on our way some funda- 
mental results other than Cauchy’s integral theorem which should not be 
considered an extra effort if one’s purpose is to construct complex analysis, 
as is customarily done, on the basis of Cauchy’s integral theorem. 
Remark. It is of interest to note, though not needed for our purpose, 
that the reasoning of (I) and (II) can be used to obtain a stronger result, 
namely, that the desired conclusion holds under the assumption that f’ is 
bounded on every compact subset of D. Indeed, under this condition the 
formulas we derived in (I) for I’(s) still hold; the integrals, however, being 
Lebesgue [3, Theorems 250, 242, 2611; in particular, again I(0) = 1(l). 
Similarly, the arguments of part (II) continue to hold, the only difference 
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being that the integral involvingf’(B,(t, 0)) has to be considered as Lebesgue 
[5, p. 123, (iv)]. 
Note added in proof. The authors have just learned that the proof in (I) can be found 
in the literature, ,e.g. in Hurwitz-Courant, Funktionentheorie, Springer-Verlag, Berlin, 
4th edition, 1964, p. 288. 
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